
Mechanics of Earthquakes and Faulting

www.geosc.psu.edu/Courses/Geosc508

• Stress concentrations and crack mechanics
• Work of deformation, shear and volume strain 
• Importance of volume change and dilatancy rate (rate of volume 

strain with shear strain)
• Effective stress and energy budget for shear, Dilatancy

• For next time, come prepared to discuss
• Mead, W. J., The geologic role of dilatancy. Jour. Geol. 33, 685-

698, 1925.
• Frank, F. C., On dilatancy in relation to seismic sources. Rev. 

Geophys. 3, 485-503, 1965

Groundhog Day 2021
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At the top, θ=0 and r=a 
then σrr = 0  (why?)
and σθθ = -σ∞

At the side, θ=90 and r=a
σrr = 0
σθθ = 3σ∞





Effective Stress



U = (-W + Ue) + Us
•Crack will extend if dU/dc < 0 
•System is at equilibrium if dU/dc = 0

• The critical stress for crack propagation (failure stress): σf = (4Eγ/πc)1/2

Taking σ∞ of 10 MPa, E= 10 GPa and γ of 4 x 10-2 J/m2, gives a crack half 
length c of 1 micron.  
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U = (-W + Ue) + Us
•Crack will extend if dU/dc < 0 
•System is at equilibrium if dU/dc = 0



Fracture Mechanics and
Stress intensity factors for each mode

KI, KII, KIII

Linear Elastic Fracture Mechanics
•Frictionless cracks
•Planar, perfectly sharp (mathematical) cuts

Crack tip stress field written in a generalized form
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Fracture Mechanics and
Stress intensity factors for each mode

KI, KII, KIII

Linear Elastic Fracture Mechanics
•Frictionless cracks
•Planar, perfectly sharp (mathematical) cuts
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Crack tip stress field written in a generalized form



For uniform remote loading of a 
crack of length 2c:
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Static vs. dynamic fracture mechanics, relativistic effects
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gI 0( ) = gII 0( ) = gIII 0( ) =1 Static
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gI v( )  → ∞  and = gII v( ) →∞,  as  v→ CR
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σ22

σ23

σ21

rr’G is Energy flow to crack tip per unit new crack area 
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G  =  Gcritical  =  2γ Critical energy release rate
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Gcrit is a material property --the “fracture energy”

Gcrit = Kc
2/ E = 2γ, where Kc is the critical stress intensity factor 

(also known as the fracture toughness). 



Stress field is singular at the crack tip.
•because we assumed perfectly sharp crack
•but real materials cannot support infinite stress 
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KI =  πc  σ∞

Process zone (Irwin) to account for non-linear 
zone of plastic flow and cracking

•Size of this zone will depend upon crack 
velocity, material properties and crack 
geometry

•Energy dissipation in the crack tip region 
helps to limit the stresses there (why?)
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Strain

Differential 
Stress,
(σ1 - Pc)

Pc1
Pc2

Pc5 > Pc4 
…

Brittle Failure:  If we draw the stress-strain-failure curves for a range of 
confining pressures, we’ll get a range of yield strengths, showing that   σy is 
proportional to Pc.

Stress-strain-failure curves

With increasing confining 
pressure there is a transition 
from localized to more 
broadly distributed 
deformation.

These styles can be loosely 
related to Brittle and 
Ductile deformation, 
respectively.  
Brittle refers to pressure 
sensitive deformation



Pore Fluid, Pp

Consider the implications of dilatancy and volume change 
for the total work (per unit volume) of shearing, W
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W  =  τ p  dγ  +  σ  dθ

W is total work of shearing

W = τ dγ = σ µ dγ

dh
dx

W’ = f dx
W = W’/V
W = fdx/AL
Wijkl = σij εkl



σeffective =  σn - Pp

σ1σ1

σ3

σ3

Pp

Exercise: Follow through the implications of Kronecker’s delta to see 
that pore pressure only influences normal stresses and not shear 
stresses.  Hint: see the equations for stress transformation that led to 
Mohr’s circle.
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Consider the implications of dilatancy and volume change 
for the total work of shearing, W



Friction mechanics 
of  2-D particles
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τ  =  σ µ p +  dθ / dγ( )
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dθ=dV /V  ; dγ =dx  /h
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W  =  τ p  dγ  +  σ  dθ

dh

dx

Data from Knuth 
and Marone, 2007



Friction mechanics 
of  2-D particles

€ 

τ  =  σ µ p +  dθ / dγ( )

€ 

τ  =  σ µ p +  dh /dx( )

€ 

W  =  τ p  dγ  +  σ  dθ • Dilatancy rate plays 
an important role in 
setting the frictional 
strength

dh

dx

Data from Knuth 
and Marone, 2007



• Macroscopic 
variations in friction 
are due to variations 
in dilatancy rate.

• Smaller amplitude 
fluctuations in 
dilatancy rate 
produce smaller 
amplitude friction 
fluctuations.

Data from Knuth 
and Marone, 2007
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W  =  τ p  dγ  +  σ  dθ

W is total work of shearing

W = τ dγ = σ µ dγ

dh
dx

Marone et al., 1990



Mead, 1925 
(Geologic Role of Dilatancy)

Shear Localization

Marone, 1998

Strain homogeneity depends on 
whether dilatancy is restricted

• Homogeneous strain if dilatancy 
is not opposed
• Strain localization if deformed 
under finite confining pressure

Shear Bands Form if:
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Shear Localization
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• Homogeneous strain if dilatancy 
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• Strain localization if deformed 
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Shear Bands Form if:
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τ  =  σ µ p +  dθ / dγ( )

€ 

W  =  τ p  dγ  +  σ  dθ

Shear strength depends on friction 
and dilatancy rate

Deformation mode (degree 
of strain localization) 
minimizes dilatancy rate


